We study the third-order spontaneous parametric downconversion (TOSDPC) process, as a means to generate entangled photon triplets. Specifically, we consider thin optical fibers as the nonlinear medium to be used as the basis for TOSPDC, in configurations where phasematching is attained through the use of different fiber transverse modes. Our analysis in this paper, which follows from our earlier paper Opt. Lett. 36, 190-192 (2011), aims to supply experimentalists with the details required in order to design a TOSPDC photon-triplet source. Specifically, our analysis focuses on the photon triplet state, on the rate of emission, and on the TOSPDC phasematching characteristics, for the cases of frequency-degenerate and frequency non-degenerate TOSPDC.
I. INTRODUCTION
The generation of entangled photon multiplets represents an important goal in quantum optics, as a resource for fundamental tests of quantum mechanics as well as for the implementation of quantum-enhanced technologies. A large number of experiments from the last few decades have exploited entangled photon pairs generated by the process of spontaneous parametric downconversion (SPDC) in second-order non-linear crystals [1] . Recently, the process of spontaneous four wave mixing (SFWM) based on the third-order nonlinearity of optical fibers has emerged as a viable alternative to SPDC for the generation of photon pairs [2] . However, the generation of entangled photon triplets, and of higher-order entangled photon multiplets, faces acute technological challenges.
The motivation which served as starting point for the present work is that in principle the same third order non-linearity in fused silica optical fibers which is responsible for the SFWM process also permits a different process: third-order spontaneous parametric downconversion (TOSPDC) [3] [4] [5] [6] [7] [8] . While in the SFWM process, two pump photons are jointly annihilated in order to generate a photon pair, in the TOSPDC process a single pump photon is annihilated in order to generate a photon triplet. TOSPDC may be differentiated from other approaches based on nonlinear optics for the generation of photon triplets, by the fact that the three photons in a given triplet are derived from a single quantum-mechanical event. The prospect of efficient generation of photon triplets is exciting on a number of fronts. On the one hand, it naturally leads to the possibility of heralded emission of photon pairs [9] [10] [11] . On the other hand, it leads to the possibility of direct generation of Greenberger-Horne-Zeilinger (GHZ) polarizationentangled states [12, 13] , without resorting to postselection. In addition, if the photon triplets are emitted in a single transverse-mode environment they exhibit factorability in transverse momentum, but can exhibit spectral entanglement. Such three-partite entanglement in a continuous degree of freedom is a potentially important, yet largely unexplored topic.
A number of approaches for the generation of photon triplets have been proposed including: i) triexcitonic decay in quantum dots [14] , ii) combined, or cascaded, second-order nonlinear processes [15] [16] [17] , and iii) approximate photon triplets formed by SPDC photon pairs together with an attenuated coherent state [18] . Of these approaches, those that have been experimentally demonstrated lead to very low photon-triplet detection rates. Recently, we have proposed a specific technique for the generation of photon triplets based on the TOS-DPC process in thin optical fibers and relying on multiple transverse fiber modes [19] . As will be discussed below, the emission rates predicted for a source based on our proposal are likewise low. However, future advances in optical fiber technology, specifically in the form of highly-nonlinear fibers, photonic crystal fibers, and tapered fibers may significantly increase the emitted flux attainable through our proposal.
The purpose of this paper is to explore the theory behind our proposal for TOSPDC photon-triplet sources. In particular, we focus on the photon-triplet state, on the rate of emission, and on the TOSPDC phasematching characteristics of thin optical fibers. In order to make our analysis as general as possible, we include both frequency-degenerate and frequency non-degenerate TOSPDC, as well as both the monochromatic-and pulsed-pumped regimes.
cal fibers, in which nonlinear phenomena originate from the third-order electrical susceptibility χ (3) . In this process, individual photons from the pump mode (p), may be annihilated giving rise to the emission of a photon triplet. Borrowing from second-order spontaneous parametric downconversion terminology, we refer to the three emission modes as signal-1 (r), signal-2 (s), and idler (i). We restrict our analysis to configurations for which the three TOSPDC photons are generated in the same transverse fiber mode, and where all four fields are copolarized (with linear polarization along the x-axis) propagating in the same direction along the fiber (which defines the z-axis).
It can be shown that the TOSPDC process is governed by the following Hamiltonian
× dVÊ 
in terms of the positive-frequency and negative-frequency parts of the electric field operator (denoted by (+)/(-) superscripts) for each of the modes, labeled as µ = p, r, s, i. In Eq. (1), 0 represents the vacuum electric susceptibility, and the integral is evaluated over the nonlinear medium volume illuminated by the pump field. E (+) µ (r, t) (with µ = r, s, i) may be written aŝ
whereâ(k) is the wavenumber-dependent annihilation operator associated with the propagation mode in the fiber, and δk = 2π/L Q is the mode spacing defined in terms of the quantization length L Q . A(x, y) represents the transverse spatial distribution of the field, which is approximated to be frequency-independent within the bandwidth of the generated wave-packets, and is normalized so that
where n(ω) is the refractive index of the medium and is Planck's constant. For the analysis presented here, we describe the pump mode as a classical field, expressed in terms of its Fourier components as
in terms of the pump-mode amplitude A 0 , and the pump transverse distribution in the fiber A p (x, y), normalized so that |A p (x, y)| 2 dxdy = 1, and approximated to be frequency-independent within the pump bandwidth. In Eq. (4), the function α(ω p ) is the pump spectral amplitude (PSA), with normalization |α(ω)| 2 dω = 1. It can be shown that A 0 is related to pump peak power P through
where n p ≡ n(ω p0 ); ω p0 is the pump carrier frequency. By replacing Eqs. (2) and (4) into Eq. (1), and following a standard perturbative approach [20] , it can be shown that the state produced by third-order spontaneous parametric down conversion is |Ψ = |0 r |0 s |0 i + ξ|Ψ 3 , written in terms of the three-photon component of the state |Ψ 3
where ξ, related to the conversion efficiency, is given by
In Eq. (6), G k (k r , k s , k i ) is the wavenumber joint amplitude. Writing this function in terms of frequencies leads to G(ω r , ω s , ω i ) = (ω r ) (ω s ) (ω i )F (ω r , ω s , ω i ). The function (ω) has a slow dependence on frequency [see Eq. (3)] over the spectral range of interest. If this dependence is neglected, the photon-triplet spectral properties are fully determined by the function F (ω r , ω s , ω i ), which from this point onwards we refer to as the joint spectral amplitude. It can be shown that this function can be written in terms of the pump spectral amplitude (PSA) α(ω), and the phasematching function (PM) φ(ω r , ω s , ω i ) as
written in turn in terms of the fiber length L and the phasemismatch ∆k(ω r , ω s , ω i )
In Eq. (10), the last term is a non-linear contribution written as Φ N L = [γ p −2(γ pr +γ ps +γ pi )]P , where γ p and γ pµ are the nonlinear coefficients derived from self-phase and cross-phase modulation, respectively [21] . These coefficients may be written as
and
in terms of the definition n µ0 ≡ n µ (ω µ0 ), where ω µ0 is the central frequency of the generated wave-packet (µ = r, s, i). A ef f represent the effective interaction areas, given by A
Note that these expressions for interaction areas take into account the normalization used for the transverse spatial distributions of the four modes.
III. EMITTED FLUX IN THE PROCESS OF TOSPDC
In what follows, we focus on calculating the emission rate of a photon-triplet source based on the TOSPDC process. In order to facilitate this calculation, we assume that pump photons are suppressed through appropriate filtering at the end of the TOSPDC fiber, so that no further photon triplets are generated beyond this point. For our purposes, the source brightness is defined as the number of single photons detected in one of the three generation modes (e.g. the signal-1 mode) per unit time. For the state in Eq. (6), which assumes a pulsed pump, we are specficially interested in the number of signal-1 single photons emitted per pump pulse, N r . An implicit assumption in this definition is that the photon triplets may be split into separate spatial modes; note that this can be achieved deterministically if the three emission modes are spectrally non-degenerate, and can be achieved only non-deterministically if the three modes are spectrally degenerate. N r is given by
Note that under ideal detection efficiency conditions, the quantity N r also corresponds to the number of photon triplets emitted per pump pulse. Replacing Eq. (6) in Eq. (13) it can be shown that
where the parameter υ is given as υ = (3) 2 |ξ| 2 /(δk) 3 . Note that because |ξ| 2 is cubic in δk, υ is constant with respect to δk, and is explicitly given by
where γ is the nonlinear coefficient that governs the TOSPDC process, given by
where A ef f is the effective interaction area among the four fields, expressed as
.
(17) In writing Eq. (17), we have taken into account the normalization used for the transverse spatial distribution of the four fields involved. Note that γ is distinct from γ p and γ pµ defined in Eqs. (11) and (12) .
In calculating the signal-1-mode photon number, see Eq. (14) , k-vector sums have been replaced by integrals, i.e. δk k −→ dk, which is valid in the limit L Q −→ ∞.
A. Expressions for the emitted flux in integral form
We begin this section with a discussion of the pulsedpump regime. We limit our treatment to pump fields with a Gaussian spectral envelope, which can be written in the form
given in terms of the pump central frequency ω p0 and the pump bandwidth σ. The number of signal-1-mode photons N r resulting from an isolated pump pulse can be obtained by replacing Eqns. (3), (8) , (15) and (18) into Eq. (14) . We further assume that the pump mode is in the form of a pulse train with a repetition rate R. Thus, the number of signal-1-mode photons generated per second is given by N = N r R, from which it can be shown that
where p is the average pump power that is related to the peak pump power P through the relation P = pσ/( √ 2πR). In the derivation of Eq. (19) , integrals over k r , k s and k i were transformed into frequency integrals through the relationship dk µ = k µ dω µ , where k µ represents the first frequency derivative of k(ω),
, is a version of the joint spectral amplitude F (ω r , ω s , ω i ) [see Eq. (8)], which does not contain factors in front of the exponential and sinc functions, so that all pre-factors terms appear explicitly in Eq. (19) .
From Eq. (19) we can see that if the pump-power dependence of the phasemismatch can be neglected, the emitted flux has a linear dependence on the pump power, which implies that the conversion efficiency in the TOSPDC process is constant with respect to this experimental parameter. For sufficiently large pump powers, there may be a deviation from this stated behavior, due to the pump-power dependence of the phasemismatch. The linear dependence of the emitted flux vs pump power can be directly contrasted with the corresponding behavior observed for the SFWM process, for which the emitted flux is proportional to the square of the pump power [22] . Because of this important difference, photon-triplet sources based on TOSPDC are, for sufficiently high pump powers, significantly less bright than comparable SFWM sources. On the other hand, as in the case of SFWM, N varies quadratically with the nonlinear coefficient γ, which implies that the emitted flux has an inverse fourth power dependence on the transverse mode radius. The dependence of the emitted flux on other experimental parameters will be discussed in Sec. VI B.
In order to proceed with our analysis, we define the conversion efficiency as η ≡ N/N p , where N p is the number of pump photons per second. For a sufficiently narrow pump bandwidth, N p is given by N p = U p R/( ω p0 ), with U p the pulse energy. For a pump pulse with a spectral envelope given by Eq. (18) we obtain that
The triplet-photon conversion efficiency can then be written as
Let us now turn our attention to the monochromaticpump limit of the TOSPDC conversion efficiency. It can be shown that by taking the σ → 0 limit of Eq. (19) , the number of photon triplets emitted per second becomes
while by taking the σ → 0 limit of Eq. (21) the conversion efficiency becomes
In Eqns. (22) and (23) ω p is the frequency of the monochromatic-pump. These equations have been written in terms of the phase mismatch ∆k cw (ω r , ω s ) [see Eq. (10)] defined as
and the function h(ω r , ω s , ω p − ω r − ω s ) defined as
In order to gain a better understanding of the TOSPDC process, we show in the next subsection that it is possible to obtain emitted flux expressions in closed analytic form under certain approximations.
B. Non-degenerate emission frequencies: Closed analytic expressions
In order to obtain a closed analytic expression for the emitted flux, we start by considering that the function h(ω r , ω s , ω i ), contained by the integrand in Eq. (19) , varies only slowly with the generation frequencies, within a sufficiently narrow spectral region of interest. Thus, in what follows we approximate this function to be constant; specifically, we evaluate the function h(ω r , ω s , ω i ) [see Eq. (25)] at the frequencies ω µ0 (where µ = r, s, i), for which perfect phasematching is attained.
In addition, in order to solve the triple frequency integral in Eq. (19) we resort to a linear approximation of the phasemismatch. Within this approximation, it can be shown that the product L∆k in the phase matching function [see Eq. (9)] can be expressed as
written in terms of the frequency detunings ν µ = ω µ − ω µ0 . In Eq. (26), we have assumed that the constant term of the Taylor expansion vanishes, i.e. that phasematching is attained at the central pump and generation frequencies ω µ0 (with µ = p, r, s, i). Parameters τ µ represent group velocity mismatch coefficients between the pump and each of the emitted modes, and are given by
We also assume that before reaching the detectors, the TOSPDC photons (in each of three modes) are transmitted through gaussian spectral filters of bandwidth σ f µ , represented by the function f f il = exp(−ν 2 µ /σ 2 f µ ) (with µ = r, s, i). The resulting filtered joint spectral amplitude function, assuming that all three filters have the same bandwidth σ f , is given by
Then, by replacing Eqns. (25), (26), and (27) into Eq. (19) it can be shown that the number of photon triplets emitted per second is given by (28) where erf(.) denotes the error function and Φ is given by
We will concentrate our further discussion on the specific case where the filter bandwidth σ f is much greater than the pump bandwidth σ. This scenario is realistic for a pump in the form of a picosecond-duration pulse train, as will be studied in the context of a specific example in Sec. VI. In this case, Φ reduces to Φ = (L/L 0 ) 2 , in terms of a characteristic length L 0 given by
Let us note that for σ f σ, Eq. (28) diverges for frequency-degenerate TOSDPC for which k r0 = k s0 = k i0 , due to the 1/Φ dependence. Indeed, the linear approximation of the phasemismatch employed here fails for frequency-degenerate TOSPDC, unless the emission modes are strongly filtered (i.e. σ f σ). While the PM function φ(ω r , ω s , ω i ) has a curvature in the emission frequencies space {ω r , ω s , ω i } which limits the overlap with the PSA function α(ω r + ω s + ω i ), the linearlyapproximated PM function has the same orientation as the PSA function, which leads to the unphysical situation of an infinite emission bandwidth, in turn leading to the above-mentioned divergence. Thus, we restrict the use of the expression in closed analytic form for the emitted flux to the case of frequency non-degenerate TOSPDC. As we will study in Sec. VI, our flux expression in closed analytic form for the non-degenerate case leads to excellent agreement with a numerical calculation which does not resort to approximations.
Let us now consider two different limits of Eq. (28). Note that for a sufficiently large Φ value,
Let us denote by φ a Φ value so that for Φ φ, this limit has been reached. For example, for Φ > 100 which corresponds to L > 10L 0 the above function approaches this limit within < 3%.
Thus, for L √ φL 0 , the number of photon triplets emitted per pump pulse can be well approximated by
Conversely, for L √ φL 0 , the number of photon triplets emitted per pump pulse becomes
Thus, while for a short fiber (compared to √ φL 0 ) the flux vs fiber length is quadratic, for longer fiber lengths this dependence becomes linear. Note that L 0 represents a measure of the wavepacket length for each of the three emitted modes. Thus, the quadratic dependence appears for fibers which have a length similar or shorter as compared to the emitted wavepacket length. For most situations of interest, L 0 is a small quantity; indeed, as will be the case for the particular example studied in Sec. VI B 2, the flux dependence with fiber length can be regarded as linear, as given by Eq. (31).
This analysis serves to clarify the dependence of the emitted flux on all experimental parameters of interest, in the case of non-degenerate TOSPDC. The emitted flux is linear with respect to L, constant with respect to σ and linear with respect to p. Although the analytic expressions which we have obtained are not valid for frequency-degenerate TOSPDC, our numerical results (see Sec. VI B) indicate a qualitatively identical dependence of the emitted flux vs these experimental parameters.
The observed behavior for TOSDPC is different from that observed for the SFWM process, for which the emitted flux is linear in σ [22] . This means that shorter pump pulses do not lead to higher rates of emission for TOSPDC, as is the case for SFWM. Note that the manner in which the emitted flux depends on various experimental parameters is essentially identical to the behavior observed for spontaneous parametric downconversion in crystals with a second-order nonlinearity.
IV. TOSPDC PHASEMATCHING PROPOSAL
A crucial aspect in the design of a photon-triplet TOSPDC source is the need for phasematching between the four participating fields. Specifically, this translates into the condition ∆k(ω r0 , ω s0 , ω i0 ) = 0 [see Eq. (10)], for a given central pump frequency.
In general, it is not trivial to fulfill phasematching for TOSPDC due to the large spectral separation between the pump and the emitted photons; for the frequencydegenerate case, pump photons at frequency 3ω are annihilated in order to generate photon triplets at ω. For most common materials including fused silica, k(3ω) is considerably larger than 3k(ω), while these two quantities must be equal for the TOSPDC process operated in the low pump-power limit to be phasematched. We have proposed (see Ref. [19] ) a multi-modal phasematching strategy, in which the pump mode propagates in a different fiber mode compared to the generated TOSPDC photons. Note that similar strategies have been exploited for third-harmonic generation [23, 24] . Specifically, we assume that the pump mode propagates in the first excited mode (HE 12 ), while the signal-1, signal-2, and idler photons propagate in the fundamental mode (HE 11 ) of the fiber [19] . This technique permits phasematching at the cost of limiting the attainable mode overlap between the pump and the TOSDPC modes. Furthermore, the fact that the pump must propagate in the HE 12 mode for our phasematching strategy limits the power than can be coupled from, say, a Gaussian-transverse-distributed pump mode in free space; this will tend to limit the attainable source brightness.
We focus our attention on thin fused silica fibers guided by air, i.e. where the core is a narrow fused silica cylinder, and the cladding is the air surrounding this core. The combination of a small fiber diameter and a large corecladding index of refraction contrast leads to a strong waveguide contribution to the overall dispersion experienced by the propagating fields which can enhance nonlinear optical effects, including TOSDPC. Note that similar results could be obtained with photonic crystal fibers involving a large air-filling fraction in the cladding. Note also that the non-ideal TOSDPC-pump overlap observed for our multi-modal phasematching approach can to some degree be compensated by the small transverse mode area, which tends to enhance the nonlinearity γ.
In general, for a particular set of desired pump and TOSPDC frequencies, we find that a specific fiber radius can exist, to be referred to as phasematching radius, for which phasematching is attained. For optical frequencies of interest, phasematching radii tend to be in the submicrometer core diameter range. It is worth mentioning that such fiber radii can be obtained through current fiber taper technology (e.g. see Refs. [25] [26] [27] ).
As an illustration, in Fig. 1(a) we plot as a function of the core radius the phasemismatch k p (3ω) − 3k rsi (ω), for three different choices of the emitted frequency: ω = 2πc/1.350µm, ω = 2πc/1.596µm, and ω = 2πc/1.800µm, where functions k p (ω) and k rsi (ω) are evaluated for the HE 12 and HE 11 modes, respectively. As is clear from this figure, the low-pump-power phase-matching condition k p (3ω) = 3k rsi (ω) is fulfilled for a specific core radius for each of the considered ω values: r = 0.331µm, r = 0.395µm, and r = 0.448µm, respectively. In Fig. 1(b) we show the general trend for the degenerate TOSPDC frequency (expressed in terms of wavelength) vs phasematching radius, where the dotted vertical lines denote the specific frequencies considered in Fig. 1(a) . From this figure we can see that core radii in the range 300−480nm are required for degenerate TOSPDC wavelengths within the range 1.24 − 1.93µm. Note that while we have concentrated here on frequency-degenerate TOSPDC, this technique can also be extended to the frequency nondegenerate case.
In Fig. 1(b) we also show the nonlinear coefficient γ [see Eq. (16)] on the phasematching radius, for the case of frequency-degenerate TOSPDC. Note that decreasing the core radius leads to an increase in the phasematched degenerate TOSPDC frequency, and likewise to an increase in the nonlinearity γ.
V. DESIGN CONSIDERATIONS FOR PHOTON-TRIPLET SOURCES
In this section we focus on the general considerations that should be taken into account in designing a TOSPDC photon-triplet source. Of particular interest is the choice of pump and TOSPDC frequencies. For the type of fiber considered in this paper, i.e. constituted by a fused silica core and where the cladding is the air surrounding this core, the generation frequencies depend on two parameters: the fiber radius and the pump frequency. Note that while the phasemismatch has a pumppower dependence [see Eq. (10)], the overall pump-power dependence of emission frequencies tends to be negligible for pump-power levels regarded as typical.
In Fig. 2 , we present a characterization of the emission 
respectively, as a function of the pump frequency ω p ; note that energy conservation implies that ∆ r = −∆ s , and we define ∆ ≡ ∆ r . Specifically, each curve gives combinations of pump, signal-1 and signal-2 frequencies yielding perfect phasematching, i.e. k p −k r −k s −k i = 0 (where we have neglected the nonlinear phase term Φ N L ). Different curves in a given panel were calculated for a choice of different values of the core radius (within the range r = 0.3 − 0.5µm). In all four panels, gray-shaded areas represent regions of the {ω p , ∆ r,s } space for which ω r and/or ω s lie outside of the range of validity of the dispersion relation used for fused silica. Non-physical zones for which ω r and/or ω s would have to be negative in order to satisfy energy conservation are shaded in black.
Form these curves, it can be appreciated that for each ω i , there is a continuum of core radii for which phasematching occurs. For each ω i , while the core radius can be reduced without limit and still obtain perfect phase- matching (within the spectral window considered here), a maximum core radius exists, above which phasematching is no longer possible. Indeed, as the core radius is increased, the spread of ∆ r and ∆ s values is reduced until it reaches the single value ∆ r = ∆ s = 0. Likewise, note that for a fixed core radius, the spread of ∆ r and ∆ s values shrinks for higher values of ω i . Note that the vertex of the phase-matching contours indicates the emission of triplets for which ∆ r,s = 0, or equivalently, ω r = ω s . Note that for a particular ω i value, there is a single core radius for which this vertex corresponds to the frequency-degenerate emission, i.e. with ω r = ω s = ω i .
Experimental constraints such as available pump frequencies, spectral windows of single-photon detectors, and attainable fiber radii may in principle be used together with the curves in Fig. 2 in order to determine the required source parameters. An important aspect to consider is the nonlinearity γ [given by Eq. (16)], which of course has an impact on the source brightness; indeed, from Eq. (21), it is clear that the conversion efficiency scales quadratically with γ. In general, γ is determined by the core radius r, as well as by the pump and emission frequencies. In Fig. 3 we present for a fixed radius (r = 0.395µm) and a fixed idler frequency (ω i = 2πc/1.596µm) a plot of γ vs ∆ and ω p . In this figure the value of γ for each (ω p , ∆) point is indicated by the colored background, regardless of whether or not phase matching is achieved at that point. It can be seen from this figure that significantly higher values of γ are obtained for large pump frequencies (lying in the ultraviolet region of the optical spectrum), and for ∆ r,s → 0 i.e., ω r → ω s . The black line in Fig. 3 represents the contour formed by phasematched frequencies. Thus, unfortunately, the highest γ values are inaccessible because they occur for unphasematched frequency combinations. 
VI. SPECIFIC TOSPDC PHOTON-TRIPLET SOURCE DESIGNS
From the discussion in Sec. V, it is clear that in order to optimize the nonlinearity [see Figs. 1(b) and 3] small core radii and large pump frequencies are required. While this might suggest the use of an ultraviolet pump, in this paper we avoid the use of non-standard fiber-transmission frequencies. Thus, we propose source designs for which the pump frequency is in the region of 0.532µm, which for frequency-degenerate TOSPDC results in photon triplets centered around 1.596µm. Let us initially assume that the pump frequency is given by ω p = 2πc/0.532µm and let us fix the idler frequency to ω i = ω p /3 = 2πc/1.596µm. Fig. 4(a) shows the resulting emission frequencies, displayed in terms of the detuning variable ∆, plotted vs the core radius r. From this figure, it is clear that there is a specific core radius (r = 0.395µm) for which the emission frequencies are characterized by ∆ = 0, which in this case implies ω r = ω s = ω i , i.e. for which the TOSPDC process is frequency degenerate. Note from the figure that decreasing the core radius from the value r = 0.395µm leads to the suppression of phasematching. Likewise, note that increasing the core radius from this value, leads to ∆ = 0, so that ω r = ω p /3+∆ and ω s = ω p /3−∆. In other words, the three emission frequencies become distinct, leading to frequency non-degenerate TOSPDC. Thus, with a fixed pump frequency the core radius is a useful experimental parameter for the control of the degree of frequency non-degeneracy.
A similar behavior is observed by making the fiber radius, instead of ω p , constant (to a value of r = 0.395µm), while varying ω p . Fig. 4(b) shows the resulting emission frequencies, displayed in terms of the detuning variable ∆, plotted vs the pump frequency ω p . From this figure, it is clear that for a pump frequency of ω p = 2πc/0.532µm, the resulting emission frequencies are characterized by ∆ = 0, which in this case implies frequency degenerate TOSPDC with ω r = ω s = ω i . Note from the figure that decreasing ω p from a value of ω p = 2πc/0.532µm leads to the suppression of phasematching. Likewise, note that increasing ω p from this value, leads to ∆ = 0, so that ω r = (ω p − ω i )/2 + ∆ and ω s = (ω p − ω i )/2 − ∆. In other words, the three emission frequencies become distinct, leading to frequency non-degenerate TOSPDC. Thus, with a fixed core radius, the pump frequency is a useful experimental parameter for the control of the degree of frequency non-degeneracy.
Throughout the rest of this paper, we will consider two source designs, both based on a fiber of radius r = 0.395µm and length L = 10cm.
• Frequency degenerate source, with ω p = 2πc/0.532µm and with emission modes centered at: ω r = ω s = ω i = 2πc/1.596µm.
• Frequency non-degenerate source, with ω p = 2πc/0.531µm and with emission modes centered at: ω i = 2πc/1.596µm, ω r = 2πc/1.529µm, and ω i = 2πc/1.659µm. As will be discussed in the next subsection, in order to guarantee that the emission modes are spectrally distinct, frequency filters should be used.
In what follows, we show plots of the joint spectral intensity function for these TOSPDC photon-triplet source designs.
A. Joint spectral intensity of the proposed TOSPDC sources
In this section, we present representations of the TOSPDC photon-triplet state for the source designs pro-posed above. Such plots are useful in order to visualize the spectral correlations which underlie the existence of entanglement in the photon triplets.
When plotted in the generation frequencies space {ω s , ω r , ω i } for typical experimental parameters, the joint spectrum of the frequency-degenerate TOSPDC state is akin to a "membrane" of narrow width along the direction ω s + ω i + ω r , and much larger widths along the two perpendicular directions. In the limiting case of a monochromatic pump, this membrane becomes infinitely narrow, leading to spectrally anti-correlated photon triplets, with the sum of the three generation frequencies ω s + ω r + ω i equal to a constant value, ω p .
In this paper we have used two different approaches for the visualization of the JSI. On the one hand, it is useful to re-express the joint amplitude function [see Eq. (8)] in terms of frequency variables which are chosen in accordance to the symmetry exhibited by the quantum state. Thus, we use variables {ν A , ν B , ν + } obtained by an appropriate rotation of the frequency detuning axes {ν r , ν s , ν i } so that the new ν A and ν B axes are tangent to the perfect phasematching surface contour (which, again, is akin to a tilted membrane, in this case with vanishing width), and so that the ν + axis is normal to this surface contour. The transformation between these two sets of frequency variables is
We may write down a version of the joint amplitude function in terms of these new frequency variables, f (ν A , ν B , ν + ), by expressing each of the original variables in terms of the new ones. In Fig. 5 , panels (a) through (c), we have plotted the JSI function |f (ν A , ν B , ν + )| 2 resulting from making ν + constant to one of three different values: −15GHz (panel c), 0 (panel b) and 15GHz (panel a), for the following choice of parameters: L = 10cm, ω p = 2πc/0.532nm, and σ = 23.5GHz (this corresponds to one frequency-degenerate TOSPDC source design). These three plots can be thought of as distinct 'slices' of the three-dimensional JSI at different ν + values. Panel (d) represents a plot of the JSI function |f (0, 0, ν + )| 2 , i.e. the choice of variables which are left constant and those that are allowed to vary are reversed. Thus, while the plot in Fig. 5(b) gives the relatively large transverse extension of the "membrane" referred to in the previous paragraph, Fig. 5(d) gives the much smaller longitudinal width of the "membrane". From a graphical analysis of panels (a)-(c), it is clear that making ν + negative leads to a suppression of phasematching, while making ν + positive leads to a ring structure, implying that the "membrane" referred to above is actually curved. Note that the width of the curve in Fig. 5(d) can approach zero either in the case of a very narrow pump bandwidth or in the limit of a very long fiber. It is also useful to visualize the JSI in the original ω r , ω s , ω i variables. The structure of the JSI, again akin to a narrow, tilted membrane unfortunately makes this a difficult task. In Fig. 6 we have plotted the function resulting from making each of the JSI frequency arguments in turn equal to the degenerate frequency ω p /3, and displayed each of the three resulting plots on the corresponding plane in {ω s , ω r , ω i } space. In Fig. 6, panel (a) shows a plot of the pump envelope function |α(ω s + ω r + ω i )| (9)], and panel (c) shows a plot of the JSI. Note that while the width of the phasematching function is proportional to 1/L, the width of the pump envelope function is proportional to σ. In order to make these plots graphically clear, we have broadened each of the functions by selecting a fiber length of L/100 and a pump bandwidth of 200σ, where L and σ are the values assumed for our frequency-degenerate source design. While these are not meant to constitute physically feasible values, they yield a three-dimensional appreciation of the "membrane", except broadened, in the generation frequencies space. While in Figs. 5 and 6 we have concentrated on the frequency-degenerate source design, similar plots could be made (but are not shown here) for the frequency non-degenerate source design. Besides the joint spectrum |F (ω r , ω s , ω i )| 2 of the emitted photon triplets, we are also interested in the joint spectrum I 2 (ω r , ω s ) of photon pairs resulting from disregarding one of the photons in the triplet, and in the single-photon spectrum I 1 (ω r ) resulting from disregarding two of the photons in the triplet. Functions I 2 (ω r , ω s ) and I 1 (ω r ) are given by
and Fig. 6(d) shows a plot of the two-photon joint spectrum I 2 (ω r , ω s ) which corresponds to the three-photon joint spectrum of Fig. 6(c) . Note that this two-photon joint spectrum may be informally thought of as the shadow cast, on the {ω r , ω s } plane, by the "membrane" discussed above. Fig. 6(e) shows a plot of the single-photon spectrum I 1 (ω r ) which corresponds to the three-photon joint spectrum of Fig. 6(c) .
We now turn our attention to the case of frequency non-degenerate TOSPDC, obtained by detuning the pump frequency while maintaining other source parameters fixed, as discussed in the context of Fig. 4(b) . Let us assume that the pump frequency is ω p = 2πc/0.531µm, i.e. with a 1nm offset compared to the value assumed for the frequency-degenerate source design, above. As was studied in Fig. 4(b) , for a fixed idler frequency, such a pump frequency offset leads to three distinct phasematched frequencies for each of the the three TOSPDC modes: ω r0 = 2πc/1.529µm, ω s0 = 2πc/1.659µm, and ω i0 = 2πc/1.596µm. However, note that for Fig. 4(b) , we have arbitrarily fixed the idler frequency to the value 2πc/1.596µm. In fact, we must consider all idler frequencies, each leading to a plot similar to Fig. 4(b) with different ω r and ω s values for a fixed ω p . Thus, in order for the three emission modes to become spectrally distinct it is important to spectrally filter the idler mode, so that in this specific example only a small bandwidth centered at ω i0 is retained.
The 1nm offset in the pump wavelength from the previous paragraph implies that the pump envelope function intersects the phasematching function at a higher ω + value (compared to that for the degenerate source design) leading to a JSI which in the {ν A , ν B , ν + } space is a circular ring. The two-photon JSI's obtained by integrating the full JSI over each of the TOSPDC frequencies in turn, I 2si (ν s , ν i ), I 2ri (ν r , ν i ), and I 2rs (ν r , ν s ) (where the letter subscripts indicate the corresponding TOSPDC modes), then become oblong rings, as shown in Fig. 7(a)-(c) .
By filtering each the three emission modes with Gaussian spectral filters with bandwidth σ f = 15THz centered at each of the the three selected phasematched frequencies, ω r0 , ω s0 , and ω i0 , we obtain the single-photon spectra I 1r (ν), I 1s (ν), and I 1i (ν) (where the letter subscript indicates the corresponding TOSPDC mode) shown in Figs. 7(d)-(f) . Note that the spectral window transmitted by each of these filters is indicated in Fig. 7(a) -(c) by a band with lighter shading. Importantly, note that the three resulting generation modes do no overlap each other. This means that the photon triplets can then be split into three separate modes deterministically by exploiting the frequency differences among them. This is achieved, however, at the cost of a flux reduction resulting from the filters used.
In what follows, we analyze the emitted flux for our two TOSPDC source designs, as a function of several key experimental parameters.
B. Emitted flux for specific TOSPDC source designs
In this section we present numerical simulations of the expected emitted flux, where possible comparing with results derived from our analytic expressions in closed form. In particular, we study the dependence of the emitted flux vs certain key experimental parameters: fiber length, pump power, and pump bandwidth. We include in this analysis our frequency-degenerate and frequency non-degenerate designs of Sec. VI, as well as the pulsedand monochromatic-pump configurations.
We assume the following parameters: for the pulsedpumped regime, a bandwidth of σ = 23.5GHz (which corresponds to a Fourier-transform temporal duration of 100ps), except in Sec. VI B 1 where we analyze the emitted flux vs σ dependence; a fiber length of L = 10cm except in Sec. VI B 2, where we discuss the emitted flux vs fiber length dependence; an average pump power p = 200mW except in Sec. VI B 3 where analyze emitted flux vs pump power dependence.
Pump bandwidth dependence
In this subsection we study the dependence of the emitted flux for our two source designs on the pump bandwidth, while maintaining the energy per pump pulse constant. Note that as σ varies, the temporal duration varies, and consequently the peak power varies too. We evaluate the emitted flux for a pump bandwidth σ range 11.77 − 117.7GHz (or a Fourier-transform-limited temporal duration range 20 − 200ps).
For both source designs, the emitted flux is obtained by numerical evaluation of Eq. (19) . Results are shown in Fig. 8 Fig. 8 by the black-solid line. As can be seen, the agreement between numerical and analytical results is excellent, indicating that the linear approximation on which the analytic results are based is in fact a good approximation. As was discussed in Sec. III B, this approximation fails for the frequency-degenerate case. As is clear from Fig. 8 , the TOSPDC emitted flux (and therefore the conversion efficiency) remains constant vs pump bandwidth over the full range of pump bandwidths considered, for both the degenerate and non-degenerate photon-triplet sources. For this reason, in the case of TOSPDC, no difference is expected in the emitted flux, between the monochromatic-and pulsed-pump regimes (while maintaining the average pump power constant).
Note also that the frequency-degenerate source is significantly brighter than the frequency non-degenerate source; the reason for this is that at ω r = ω s = ω i = ω p /3, the perfect phasematching contour and the energy conservation contour are tangent to each other, leading to a greater emission bandwidth. Our results yield a source brightness of N = 3.80 triplets/s for the degenerate source, and a value of N = 0.34 triplets/s for the non-degenerate TOSPDC source. It should be noted, however, that for the frequency-degenerate case, photon triplets may be split only non-deterministically so that the actual usuable source brightness may be lower that our results would indicate.
Fiber length dependence
We now turn our attention to the fiber-length dependence of the emitted flux from both the degenerate and non-degenerate TOSPDC sources, while maintaining other source parameters fixed. For this analysis we vary the fiber length from 1 to 10cm. Note that a recent experimental work shows that it is possible to obtain a uniform-radius fiber taper of ∼ 445nm radius over a length of 9cm [26] .
The results obtained by numerical evaluation of Eq. (19) are shown in Fig. 9 by blue dots (degenerate case), and by red dots (non-degenerate case). We have also evaluated from Eq. (22) the emitted flux obtained in the monochromatic-pump limit. However, because the emitted flux is constant with respect to the pump bandwidth (for the experimental parameters assumed here), the values obtained overlap those resulting from Eq. (19) , for the pulsed pump regime. Additionally, for the TOSPDC non-degenerate source, we evaluate the emitted flux from the analytical expression given in Eq. (28). The corresponding results, which are shown graphically in Fig. 9 by the black-solid line, are in excellent agreement with those obtained from Eq. (19) . Note that for the fiber length range considered, the emitted flux exhibits a linear dependence on L for both the frequency-degenerate and the non-degenerate photon-triplet sources. However, it should be noted that there are conditions for which N has a nonlinear dependence on the fiber length. For example, as it was discussed in the Sec. III B, for L L 0 the emitted flux varies quadratically with the fiber length. For the longest fiber considered here (L = 10cm), the TOSPDC emitted flux for the degenerate source is N = 3.80 triplets/s and N = 0.34 triplets/s for the non-degenerate source.
Pump power dependence
We now turn our attention to the pump-power dependence of the emitted flux for the two TOSPDC sources, while maintaining the pump bandwidth and other source parameters fixed. We compute the emitted flux as a function of the average pump power, which is varied between 1 and 200 mW.
In Fig. 10 we present, for the two proposed source designs, plots of N vs p, which were obtained numerically from the expression in Eq. (19) . The blue dots correspond to the degenerate case, while the red dots correspond to the non-degenerate case. Plots of the emitted flux obtained in the monochromatic-pump limit are not shown in Fig. 10 , because they overlap results obtained from Eq. (19) for the pulsed-pump regime. Additionally, for our TOSPDC non-degenerate source, we evaluate the emitted flux from the analytical expression given in Eq. (28). Corresponding results are shown in Fig. 10 by the black-solid line. As can be seen, the agreement between the numerical and the analytical results is excellent. As can be seen in Fig. 10 , for both sources the emitted flux depends linearly on the pump average power, which implies that the TOSPDC conversion efficiency is constant with respect to this parameter [see Eqs. (21) and (23)]. This behavior should be contrasted with the SFWM process, for which the conversion efficiency is linear with respect to the pump power [22] . Note that the process of TOSPDC has important similarities with the process of SPDC; in both cases, the conversion efficiency is constant with respect to the pump power and to the pump bandwidth (within the phasematching bandwidth).
At the highest average pump power considered here (p = 200 mW), the TOSPDC emitted flux for the degenerate source is N = 3.80triplets/s.
VII. CONCLUSIONS
In this paper we have studied the third-order spontaneous parametric downconversion process, including both the frequency-degenerate and frequency nondegenerate cases, implemented in thin optical fibers. We have based our analysis on a configuration introduced in an earlier paper from our group (see Ref. [19] ), in which the pump and the generated modes propagate in different fiber modes, with the objective of attaining phasematching. In this paper we study the emitted photon-triplet TOSPDC states, and present two different ways to visualize this state. We present an analysis of the photontriplet emission flux, which leads to expressions in integral form which for frequency non-degenerate TOSPDC are taken to closed analytic form under certain approximations. We show plots of the emitted flux as a function of several key parameters, obtained through numerical evaluation of our full expressions, where possible comparing with results derived from our closed analytic expressions. We also analyze the TOSPDC phasematching characteristics of thin optical fibers, in particular as a function of the fiber radius and the pump frequency. We hope that this paper will be useful as the basis for the practical implementation of photon triplet sources based on third-order spontaneous parametric downconversion.
